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Conjugated laminar forced convection with parabolic velocity profile is studied for flow 
inside both parallel-plate and circular ducts subjected to a periodically varying inlet 
temperature. The analysis of this class of problems leads to a Sturm-Liouville type complex 
eigenvalue problem for which no known solution is available. In this work, a new 
methodology is presented for a direct solution of such complex eigenvalue problems in 
the complex domain using the shooting method along with the Runge-Kutta method. The 
methodology is applicable for solving both laminar and turbulent flow problems; here we 
consider only the laminar flow with a parabolic velocity profile. The results clearly show 
that the slug-flow assumption overestimates the phase lag and the Nusselt number. Some 
benchmark results are also presented for the eigenquantities in tabular form. 
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Introduction 

The periodic Graetz problem is of great interest in engineering 
applications related to the thermal response of heat exchanger 
equipment subjected to periodic disturbances on inlet temper- 
ature. The solution of a heat transfer problem of this type 
usually leads to a complex eigenvalue problem for which no 
known solution is available. The principal difficulty in the 
analysis of such problems is finding the solution for the resulting 
complex eigenvalue problem in the complex domain. Kardas 1 
investigated the heat transfer to flow in parallel-plate channels 
subjected to an inlet temperature varying with time. He 
employed a quasisteady model and Laplace transformation. 
Sparrow and de Farias 2 considered unsteady laminar heat 
transfer in a parallel-plate channel with conjugation to the walls. 
They assumed that fluid inlet temperature varies periodically 
in a sinusoidal manner with an arbitrary frequency. They also 
assumed slug flow and utilized a trial-and-error procedure to 
evaluate numerical value of real and complex parts of the 
eigenvalues from a system of two coupled nonlinear equations. 
Cotta et al. 3 developed an analytical solution to laminar forced 
convection in parallel-plate ducts and circular tubes with 
conjugation to the walls, subjected to periodic time variation 
in the inlet temperature. They assumed a slug flow and 
transformed the related complex transcendental equation to a 
system of two coupled transcendental equations, which they 
solved by using the recently advanced count method (Mikhailov 
and 0zi~ik4). Kaka~ and Yener 5 considered a transient-energy 
equation with inlet temperature varying over time for slug flow 
and turbulent heat transfer between two parallel plates, without 
conjugation with the walls. They presented experimental results 
to predict the lowest eigenvalue for turbulent flow. Kaka9 and 
Yener 6 also presented a formal solution for laminar parabolic 
flow with inlet temperature varying over time without performing 
numerical calculations. They asserted that a frequency-response 
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method described by Kaka~ and Yener 7 might be used to 
experimentally determine only the first eigenvalue. Cotta and 
Ozi~ik a studied laminar forced convection with periodic vari- 
ations of inlet temperature without conjugation with the walls 
in both parallel-plate ducts and circular tubes. Susec and 
Sawant 9 solved the unsteady, conjugated problem for a parallel- 
plate duct with inlet fluid temperature varying periodically in 
time by using an improved quasisteady approach. 

In this work, we present a direct approach for solving laminar 
forced convection in parallel-plate ducts and circular tubes for 
parabolic flow with conjugation to the walls, subjected to 
periodic variation of inlet temperature over time. We solve 
directly the resulting complex eigenvalue problem, using a 
shooting method along with the Runge-Kutta method in the 
complex domain. We believe that this work is the first attempt 
to solve directly the complex eigenvalue problems encountered 
in numerous engineering applications. 

Formulation of the problem 

We consider laminar forced convection in parallel-plate ducts 
and circular tubes, subjected periodically varying let temper- 
ature. We take conjugation to the wall into account by 
balancing the heat transfer rate at the wall surface to the rate 
of energy storage in the wall, and it enters the problem as a time- 
dependent boundary condition. We assume that the physical 
properties are constant and that viscous dissipation is negligible. 
Then, the mathematical formulation of the problem is 

aT(r, z, t) aT(r, z, t) 
+ u(r) 

at ~z r m Or \ ~r J 

O < r < b , z > O , t > O  

where 

{~ for parallel-plate duct 

m = for circular tube 

with the inlet condition given by 

T(r, O, t )= To + AToe i°x 

(la) 

(lb) 
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and the boundary conditions are: 

t3T(r, 
t )  = o = 0 (lc) 

Z, 

dr 

k ¢3T(r,orZ, t),:b = pwcfl~ t3Tw(z,c3t t) (ld) 

T(b, z, t)= T~(z, t) (le) 

where 

i = ~ - I  (2) 

We are seeking the periodic solution, so we do not need the 
initial condition. The problem, expressed in the dimensionless 
form, is 

0 < R <  1, Z > 0 ,  z > 0  

O(R, O, "r)=e im 

dO(R, Z, z) 

~-/f I.=o =0 

a* c30(R, Z, z) R = 
dR 

(3a) 
(3b) 

(3c) 

~30(R, Z, z) 
-~ ~z IR = t = 0 (3d) 

where, W(R) is the dimensionless velocity profile, or 

$3(1 - R 2) for parallel-plate channel (4a) 
W(R) 

(2(1 - R ~) for circular duct (4b) 

and a* represents the ratio of heat capacity of fluid to that of 
the wall, or 

a*-  p%b (5) 
pwcwl~ 

We want a solution in the form 

O(R, Z, z)= ~(R, Z)e a~t~-z) (6) 

which results in the following problem for the function/7(R, Z): 

8~(R, Z) l 
W(R) 

t3Z R ~ t3R 

0(R, O)= 1 

aO(R,Z)_ = 0  

c~R R:o 

a *O#(R 'Z)  +if~O(R,Z)l.=~= 0 
t~R R= , 

R m aO(R, Z !~_  iQ{1- W(R)}O(R, Z) 
dR ) 

0 < R < I , Z > 0  (7a) 

(7b) 

(7c) 

(7d) 

N o t a t i o n  

Ab(Z), A,(Z), A,~(Z) 

a* 

b* 
b 

4% 4" 
Cp, C w 

d~°', d(k" 

fk 
F()~k) 
F(2~ )) 
h(z, t) 
i 
K 
k 
lw 
N, 

Nu(Z, -c) 
qw(Z, z) 
r 
R 

t 
T(r, z, t) 
Tw( z, t) 
To 

ATo 
u(r) 

Amplitudes for bulk temperature, 
heat flux, and wall temperature, 
respectively 
Defined by Equation 5 
Defined by Equation 20b 
Radius of circular duct or one half the 
spacing between parallel plates 
Real parts of2tk °) and 2(k n, respectively 
Specific heat of fluid and wall, 
respectively 
Imaginary parts of ).(k °) and 2tk '), 
respectively 
Defined by Equation 1 lb 
Defined by Equation 20 
Defined by Equation 23, (= F (j)) 
Heat transfer coefficient 

Thermal conductivity 
Integer (= 1, 2, 3 . . . .  ) 
Wall thickness 
Normalization integral defined by 
Equation 10 
Nusselt number 
Wall heat flux 
Radial or normal coordinate 
Dimensionless normal coordinate 
(=r/b) 
Time 
Fluid temperature 
Wall temperature 
Mean value of inlet temperature 
cycle 
Amplitude of inlet oscillations 
Flow velocity 
Mean flow velocity 

W(R) 
Z 

Z 

Greek symbols 
Ct 

O(R, Z, 0 

~tR, Z) 

0dZ, 3) 

Ow(Z, 3) 
2k 

#k 

e 
P, Pw 
(1) 

D 

~(u~, R) 

eb(z), eh(z), ¢~(z) 

Superscripts 

Dimensionless flow velocity (= u(r)/~) 
Axial coordinate 
Dimensionless axial coordinate 
( = ~z/ab ~) 

Thermal diffusivity of fluid 
Dimensionless temperature 
( = (T-- To)/ATo) 
Separated dimensionless temperature 
distribution 
Dimensionless bulk temperature 
Defined by Equation 9b 
Dimensionless wall temperature 
kth eigenvalue of eigenvalue Problem 
8 (--~) 
jth iteration of )'k 
Complex eigenvalues of eigenvalue 
Problem 8 
Specified tolerance 
Fluid and wall density, respectively 
Frequency of oscillations 
Dimensionless frequency of 
oscillations (=  ~obZ/~) 
Dimensionless time ( = at/b 2) 
Eigenfunctions of eigenvalue 
Problem 8 
Phase lags for bulk temperature, 
heat flux, and wall temperature, 
respectively 

Separation symbol defined by 
Equation 6 
Integral transform with respect to the 
R variable 

312 Int. J. Heat and Fluid Flow, Vol. 11, No. 4, December 1990 



Conjugated laminar forced convection in ducts." W. S. Kim and M. N. Ozisik 

Method of solution 

We can formally solve the problem considered here by the 
classical separation of variables or the integral transform 
technique (Mikhailov and Ozi~ika). However, the resulting 
eigenvalue problem is a complex nonclassical Sturm-Liouville 
system, for which no known solution is available. To solve this 
problem, we consider the following eigenvalue problem: 

TR 
0 < R < I  (8a) 

d~kk(Pk, R) 
- - = 0  R =0  (8b) 

dR 

a,d~k(p,, R) ~-in~k(pk, R)=0  R = 1 (8c) 
dR 

We now utilize the eigenfunctions of this system to define the 
following integral transform pair. 

• Inversion: 

0(R, Z )=  
1 

k =~ ~ ~bk(l&, R)Ok(Z) (9a) 

• Transform: 

k(Z)  J,  R"W(R)~Ok(#k, R)O(R, Z) dR (9b) 

where the normalization integral is 

fo N k = RmW(R)[Ok(l~k, R)] 2 dR (10) 

We now proceed to the solution of Equations 7. We operate 
on Equation 7a with the operator, 

f ~ Rml]lk(l, tk, R) dR 

and utilize eigenvalue Problem 8 and the boundary conditions, 
Equations 7c and 7d to obtain 

dOk(Z) v/~2~(Z) = 0 (1 l a) 
dZ 

with the transformed inlet condition, Equation 7b given by 

Ok(O ) = f j  RmW(R)qJk(l~ k, R) dR --fk (1 lb) 

The solution to Problem 11 is 

~kk(Z) = ~k(0 )e - ~,~z =fke - u~z (12 ) 

When we substitute Equation 12 into Equation 9a, the solution 
for 0(R, Z) becomes 

o0 1 
~(g, Z)=  k~a Nkk $k(#k, R)fk e-u~z (13) 

where N k andfk are given by Equations 10 and 11 b, respectively. 
Noting that the dimensionless temperature O(R, Z, z) is related 
to the function ~r(R, Z) by Equation 6, we evaluate the dimen- 
sionless wall temperature Ow(Z, z) from 

O,,,(Z, z)= O(R, Z, r)IR = 1 = O(R, Z)[R= le 'nt*- z) (14a) 

where 

1 
0"(R, Z)]g=~ = ~, I~k([,lk, 1)fke -u~z (lab) 

k = l  

We determine the dimensionless wall heat flux qw from its 
definition: 

dO(R, Z, z) OO(R, Z) ei~T_z) (15a) 
qw(Z, r)= OR la :x = fir R =, 

where 

O0(R, Z) = _ ~ __1 
OR , , : ,  k=, Nk 

1)ffkke-u~ z (15b) 

and the prime denotes differentiation with respect to R. We also 
determine the dimensionless bulk temperature, Ob, from its 
definition: 

O~(Z, z) = (m+ 1) f /  R"W(R)O(R, Z, z) dR 

1 - 2 2 z  1) Nk (fk) e -"k (16) 
k = l  

Because Equations 14, 15, and 16 define complex quantities, 
we can conveniently express the final solutions for the wall 
temperature, wall heat flux, and average temperature in polar 
coordinates, respectively, as 

Ow(Z, z) = Aw(Z) exp [i(~z + ~bw(Z))] (17a) 

qw(Z, z) = Ah(Z) exp [i(f~z + ~bh(Z)) ] (17b) 

Oh(Z, z)= Ab(Z) exp [i(~z + ~bb(Z)) ] (17c) 

where A's and q~'s are, respectively, amplitudes and phase lags 
of oscillations with respect to the inlet condition. We can 
evaluate Equations 17a-17c by considering the real and imagin- 
ary parts of Equations 14, 15, and 16. 

In practice, the inlet condition may be either T - T o =  
AT o sin~t  or ATocos o~t. In either case, we determine the 
corresponding real physical quantities for wall temperature, 
wall heat flux, and average temperature by simply taking the 
imaginary or real part, respectively, of Equations 14, 15, and 
16. Then, we determine the local Nusselt number from its 
definition: 

O0(R,oRZ, z) ~ = 1 
Nu(Z, z)= h(z' t ) .b_ (18) 

K Ow(Z, z)--Oh(Z, z) 

Clearly, once the eigenvalues Pk, eigenfunctions ~k(Pk, 1), the 
derivative ¢~,(#k, 1), and the quantities, fk and N k are available, 
we can determine the numerical values of physical quantities of 
interest from the expressions given previously. 

Solution of the eigenvalue problem 

Because the eigenvalue Problem 8 is a complex, nonstandard 
Sturm-Liouville system, we could not readily handle it by the 
standard approaches used for solving two-point boundary- 
value problem. Instead, we recast Problem 8 as an initial-value 
problem (IVP) in the form: 

d_~ ~ ( .1 d~lk(#k ,~ R)tj 

+ {#~W(R)R m- i~(1 -- w(g))R"}~kk(pk, R)= 0 

d$k(lt k, R) 
d-R R=o = 0  

¢k(/~k, R)[R=o = 1 

0 < R < I  
(19a) 

(19b) 

(19c) 
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where we take @ k ( ~ k ,  0 )  = 1 by considering the normalization 
condition of the eigenfunction as another initial condition, and 
we designate Equations 19 as IVP (~.k=---pk2). Then, we can 
consider the boundary condition at R =  1, as an unknown 
function of " ~ k ( ~ ] ' / 2 ) ,  say, 

d~Ok(#k, R) e = F(2k)-- dR +ib*~k(#k, 1) (20a) 
1 

where 

Q 
b* = - -  (20b) 

a *  

We can then write the boundary-value problem of Equations 
8a, 8b, and 8c as 

F(2k)=0 (21) 

In the shooting method, Equation 21 is solved with the secant 
method rather than Newton's method in order to avoid the 
need to evaluate F'(2k), which is less clearly computed than 
F(2k) in this problem. The second method, unlike Newton's 
method, requires two initial approximations, but only one new 
function is evaluated for each step. 

We can derive the secant method from Newton's method by 
approximating the derivative {E(2~))} ' by the quotient 

F ( J )  _ I~(J - 1) 
k t k  

~(j) ; ( j -  1) 
k - -  "~k 

where Ftk j) denotes F(2k0)), 2k represents the kth eigenvalue, and 
2tk j) represents the j th iteration of 2 k. Then, the computational 
procedure is as follows: Compute, from given initial approxi- 
mations 2tk °) and 2tk 1), the sequence 2[ 2), ,~k~(3),... from the recur- 
sion relation 

2~k~ + 1) = 2tk~)-- i . ~ j  Ftk j' (22) 

where 

F(J) - ,t,, t~o) 1 ) + ib*~k(2~k ~), 1 ) (23) k - -  t / J k V ~ k  , 

Note that, to start the computation of any eigenvalue 2,, we 
need to make two initial guesses, each containing a real and 

t . . )  .4(~)~ To an imaginary part, i.e., 21k ° ) -  (C~k °), d~k °)) and .~(1)~__ ~t'k , t *k  I '  

choose the real part C~k °) we use the results for the slug-flow case 
and set the initial guess as c[°)=k 2. Then we perturb this 
quantity by, say, 10% and choose C~k~)= 1.1 X C~k0)= 1.1 × k 2. To 
make the initial guess for the imaginary part, we again utilize 
the slug-flow results and choose d~k°)= 0.01, perturb this quantity 
by 10%, and set d~kl)= 1.1 × dtk°)= 1.1 × 0.01. Our experiments 
show that the results are not sensitive to the choice of the 
complex part dtk °) and d~k 1). For example, we obtain almost the 
same eigenquantities by using #k°)=0.1, 1.0, and 10. Having 
chosen the two initial guesses 2tk °) and 2~k ~) as described, 
we compute (approximately) F~ °) by solving the initial-value 
Problem 19, using the fourth-order Runge-Kutta method and 
compute Ftk ~) in the same way. Then, by Equation 22, 

)(2)_,!(x) 5F(2(k')) -- F(2tk°))~ - '  
- k - - - k - - ~ ,  ~ S F(2~k')) 

( F Q ( 2 ) ~  _ F t - 2 ( 1 ) ~ )  - 1 

~.tk3)=2~k2)--~ ' ~  ' "~'~ '~" F(2~k2)), etc. 

We repeat this procedure until we find the corresponding 
correct value of 2 k that satisfies --k~U)--< ~ for each two initial 
approximations, i.e., 2~k °) and 2~k 1), where e is a specified 
tolerance. In general, the difference between two consecutive 
eigenvalue has the same order of magnitude, so we can check 
whether we missed roots. 

To check the validity of our procedure, we perform the 
computations for the slug-flow case, because we can easily 
obtain the eigensystem of the slug-flow case by substituting 
W(R)= 1 into Equation 8a for both cases, i.e., parallel-plate 
channel and circular duct. We compared the results with those 
of Cotta et al., 3 and Sparrow and de Farias. 2 The eigenvalues 
from our study agreed within 10-3% with those of Cotta et al. 
Our results, in general, deviated from those of Sparrow and 
de Farias by 3%, except for one case which deviated by 33%. 

We now summarize the algorithm used for calculating the 
eigenquantities of the complex eigenvalue Problem 8. 

• Step I: Make two initial guesses for 2~k °) and 2~k 1). 
• Step 2: Compute ~k(2~k0),R) and ~O~(2~k°),R) by solving 

initial-value Problem 19, using the fourth-order Runge-Kutta 
method; compute Ck(2tk 1), R) and ~k~(2~k 1), R) in the same way. 

• Step 3: Evaluate 

Ft~(o)~_,t,, t~(o) 1)+ ib*~Ok()t~kO), 1) 

and 

F(2~k 1) ) = @~,(2~k 1), 1 ) + ib*@k(2tk 1), 1 ) 

• Step 4: Compute 2~k ~+ 1) by the secant method: 

( j )  - ( j  - 1)  - 1 
;(j+ 1)_ ;O)_ Y F(2k ) -  F(zk )~. 
,=k --'~k ~ ~ J F(2tk j)) 

where j = 1,2, 3 . . . .  

• Step5:SolvelVP(2~kJ+l))usingthefourth-orderRunge-Kutta 
method. 

• Step 6: Evaluate 

F(2tkj + 1))= i//~(~ (kj + 1), 1)+ ib*~kk(2~k J+ X), 1) 

If Ftk J+ 1) is less than the given tolerance, go to step 1 and 
repeat the procedure. Otherwise, go to step 4, updating the 
values of Ftk j) and 2tk j), and repeat the procedure until Ftk J+ 1) 
is less than the given tolerance. 

Numerical integration should have the same accuracy as the 
initial-value problem solver. We performed integrations in Nk 
and fk  by Simpson's rule, because the global accuracy O(h 4) of 
Simpson's rule is the same as that of the fourth-order Runge- 
Kutta method used here, where h is the spatial step size. Note 
that all calculations are performed in the complex domain. 

Results and discussion 

The eigenvalues #k, eigenfunctions @k(~k, I) and its derivative 
~O~,(#k, 1) at R =  1, and the quantities Nk, and fk are functions 
of b* and a*. Following Sparrow and de Farias, 2 the represen- 
tative values of the parameters b* selected are greater than 1, 
namely, b * = l ,  2, 5, 10, 20, and 100, and a*=0.001. Space 
limitations preclude the complete tabulation for all cases 
considered here. Therefore we give the values only for two cases 
(i.e., b*= 2, 10) for a parallel-plate channel and a circular duct 
with a parabolic velocity profile in Tables 1 and 2, respectively. 
These values can be used in Equations 14, 15, and 16 to calculate 
numerical values of wall temperature, wall heat flux, and bulk 
temperature, respectively. The results of Cotta et al. 3 and 
Sparrow and de Farias, 2 obtained under the assumption of slug 
flow, are easily recovered as special cases by setting W ( R ) =  1 
in the computation procedure. 

In Figure 1, we present wall temperature as a function of time 
for various values of the parameter b* for a circular duct at 
the location Z=0.02.  As shown, the amplitude of the wall 
temperature decreases monotonically, and the phase lag in- 
creases with increasing value of b*, because the large thermal 
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T a b l e  1 First 2 0  e i genquan t i t i e s  ]-#,, ~ , (# , ,  1 ), ~ ( /~ , ,  1 ), N, ,  and  f , ]  f o r  a pa ra l le l -p la te  channe l  fo r  a * = 0 . 0 0 1  

b * = 2  

k #,  ~,(/~,, 1 ) ~( /~ , ,  1 ) N ,  / i  

1 

2 

4 

5 

6 

7 

8 

9 

L1 

~2 

~3 

~4 

L5 

L6 

L8 

L9: 

~0 

1.124m~+00 4 .4143~-01  

3 . | 7 | 9 ~ + 0 0  5.947(Gi-01 

6.9404E+00 4 .641(a i -01  

1.0141.1+01 3 .6801K-01  

1 .3380~+01 3.071m~-01 

1 .66321+01 2 .6584K-01  

1 .9889~+01 2 .3S88~-01  

2 .3150E+01 2 .1306 ] ; -01  

2 . 6 4 1 ~ + 0 1  1 .95021-01  

2.967m~+01 1 .8035E-01  

3.29401¢+01 1 .6814E-01  

3 .6204K+01 1 .$781K-01  

3.9469] [+01 1 .4892K-01  

4.2734E+01 1 .4118E-01  
i 

4.600011:+01 1 , 3 4 3 ~ - 0 1  

4.9265K+01 1 .2833~-01  

5 .2530~+01 1 .2292Z-01  

5 .579 (~+01  1 .1805~-01  

5 .9062~+01 1 .1363~-01  

6.232"rE+01 1 .0960~-01  

$ . 5 5 3 1 ~ - 0 1  - 5 . 0 9 2 5 ~ - 0 1  

-1 .1444B+00  6.345"r~-01 

1 . 4 0 7 4 l + 0 0  - 4 . 3 4 3 1 ~ - 0 1  

-1 .5092 ] i+00  3 .3467E-01  

1.5769~-I-00 - 2 . 8 0 8 4 ~ - 0 1  

-1 .6307 / ,+00  2 . 4 6 7 1 1 - 0 1  

1.6763R+00 - 2 . 2 2 7 2 ~ - 0 1  

-1 .7163~+00  2.046811:-01 

1.7520E+00 - 1 . 9 0 4 1 ~ - 0 ]  

-1 .7844~+00  1.Ta92]g-0]  

1 .8141~+00 -1 .692m~-01  

-1 .8415~+00  1 . 6 1 0 3 ~ - 0 1  

1 .86711+00 - 1 . 5 3 9 2 z - 0 1  

-1 .8910B+00 1 .4768~ -01  

1.9134E+00 - 1 . 4 2 1 5 ~ - 0 1  

-1 .9347K+00  1 .37201 -02  

1 .9548x+00  - 1 . 3 2 ~ 4 z - 0 1  

-1 .9739R+00 1 .2869~ -01  

1.9922K+00 - 1 . 2 5 0 0 K - 0 1  

-2 .009"T l+00 1 .2161 ] i -01  

-1 .0185B+00 - 7 . 1 0 7 m L 0 1  

1.2691Z+00 2.2888E+00 

- 8 . 6 8 7 5 ~ - 0 1  -2.81471[+00 

6 .6933Z-01  3 .0184~+00 

- 5 . 6 1 6 7 K - 0 1  -3 .1537 ] i+00  

4 .9342E-01  3.2613~+00 

- 4 . 4 5 4 4 ~ - 0 1  -3 .3526Z+00  

4.0937]~-01 3 .4325~+00 

- 3 . 8 0 9 6 1 - 0 1  -3 .5040~+00  

3 .5783~ -01  3 .5688~+00 

- 3 . 3 8 5 2 ~ - 0 1  -3.628211[+00 

3 .2207E-01  3.6830~+00 

- 3 . 0 7 8 3 B - 0 1  -3 .~341~+00  

2 . 9 5 3 5 ~ - 0 1  3.7819K+00 

- 2 . 8 4 2 9 ~ - 0 1  -3 .8269B+00 

2 . 7 4 4 0 ~ - 0 1  3 .8693~+00 

- 2 . 6 5 4 5 K - 0 1  -3 .90961+00  

2 . 5 7 3 9 ~ - 0 1  3 .9479~+00 

- 2 . $ 0 0 0 E - 0 1  -3 .9844X+00 

2 .4322Z-01  4.019Xl i+00 

7 .2255E-01  -1.77~1.1-01 

6 .6537~-01  2 .0913~-02  

6 .0983K-01  2 .29971-02  

5 .9684~-01  1 .3824B-02 

5 .9285B-01  8 .9630R-03 

5 .9123~-01  6 .2919~-03  

5 .9043~-01  4 .6834R-03 

5 .8999~ -01  3.6393]1i-03 

S .8972K-01  2 .9212Z-03  

S .8955~-01  2 . 4 0 4 ~ - 0 3  

5 .8944~-01  2 .0197~-03  

5 .8935K-01  1 .7243] i -03  

5 .8929B-01  1 .49231-03  

5 .8925~-01  1 .3064Z-03  

S .8922~-01  1 .1549~-03  

5 .8919~-01  1 .02971-03  

5 . 8 9 1 " r l - 0 1  9 .247~B-04 

5 .8915K-01  8 .359Mi -04  

5 .8914~-01  ? . 6 0 0 ~ - 0 4  

5 .8913B-01  6 .9459E-04  

8 .5511E-01  - 1 . 2 4 9 4 ~ - 0 1  

- 1 .2318E-01  - 1 . 1 7 1 4 ~ - 0 1  

2 .5543Z-02  5 .5275K-02  

- 8 . ~ 0 7 5 ~ - 0 3  -2 .876 " ]~ -02  

3 .9405B-03  1 .744"~ i -02  

i - 2 . 1 5 9 1 B - 0 3  - 1 . 1 7 2 5 K - 0 2  

1 .32~5K-05  8 .4453K-03  

~-8.8150K-04 - 6 . 3 8 9 6 K - 0 3  
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? .60~1~-05  1 .1420K-03  

- 6 . 6 2 4 6 ~ - 0 5  - 1 . 0 3 4 5 1 - 0 3  

b * = l O  

k /~k ¢ , ( /~ ,  1 ) ~',(#,, 1 ) N~ f ,  

l J  1 .36011+00 

21 4.582mm+00 

31 7 .802g t+00  

4 i  1 .1014] i+01 

5J 1 ,421mi+01  

61 1.7414E+01 

7 i  2 .0607E+01 

81 2 .379S1+01 

91 2 .6993Z+01 

101 3.0193B+01 

111 3.3400Z+01 

121 3 .6613~+01 

131 3 .9834~+01 

141 4.3063.~+01 

15J 4.6294Z+01 

161 4 .9532Z+01 

1~1 5.2773E+01 

18~ 5.~018Z+01 

191 5,926m~+01 

20i  6 .25151+01 

1 .1565B-01  

2 ,593¢m-01 

3.6692]1-01 

4 . 5 5 8 a i - 0 1  

5 .29601 -01  

5 .8849g -01  

6 .3223R-01 

6 .6104Z-01  

6 .7621] i -01  

6 .7999K-01  

6 .7508X-01  

6 .6410Z-01  

6 .4926Z-01  

6 .32231-01  

6 .1419K-01  

5 .95921 -01  

5 .7790Z-01  

5 .60441 -02  

5 .43691 -01  

5 .2774K-01  

1 .7253R-02 - 1 . 4 1 3 4 R - 0 1  

-7.27G23i-02 3 .769" /z -01  

1 . 5 6 7 9 x - 0 2  - 5 . 9 5 5 1 B - 0 1  

- 2 .6998B-01  7 . 7 3 9 2 z - 0 1  

4 .1196 ] i -01  -9 .3838m-01  

-5 .7882B-01  1 .0711~+00 

7 .6204B-01  - 1 . 1 6 7 5 z + 0 0  

-9 .4957K-01  1,222~1;+00 

1.1290K+00 -1,239"rE+00 

-1 .29101+00  1 , 2 2 6 i i + 0 0  

1.4308Z+00 -1 .192Jm+00 

- 1 . 5 4 7 9 B + 0 0  1.14GSE+00 

1.6445E+00 -1 .0951E+00 

-1 .7238E+00 1 .04291+00 

1.7891]1+00 - 9 . 9 2 3 9 1 - 0 1  

-1 .8434K+00 9 . 4 4 8 ~ - 0 1  

1 . 8 8 9 0 1 + 0 e  - 9 . 0 1 0 3 1 - 0 1  

-1 .9279E+00 8.6091,1-01 

1.9615K+00 -8.2431Sai-01 

-1 .99091+00  7 .91098 -01  

-1 .4134Z+00  - 1 . 7 2 5 3 1 - 0 1  

3 .7697B+00 7 .2762Z-01  

-$ .85581+00  -1 .56791+00  

7.7392E+00 2 .6998Z+00 

-9 .38381+00  -4 .1196Z+00  

1 .07181+01 5.7882R+00 

-1 .1675Z+01  -7 .6204Z+00  

1.22261:+01 9.495"ni+00 

-1 .2397Z+01  -1 .1290K+01 

1.226k'~+01 1.2910Z+01 

-1 .1926Z+01  -1 .4308B+01 

1.1465K+01 1.5479E+01 

-1 .0951E+01 -1 .6445Z+01  

1.0429Z+01 1 .72381+01 

-9.9232]E+00 -1 .7891Z+01  

9.4486~-I-00 1.8434Z+01 

-9 .0103Z+00  -1 .8890K+01 

8.G091Z+00 1.9279Z+01 

-a .2436m+oo -1 .96151+01  

7 .9109z+00  1 .9909z+01  

6 .3442z -01  -4 .08591 i -02  

6 .0026z -01  - 2 . 2?56 ] [ - 02  

5 .9928z -01  - 1 . o 2 4 5 z - 0 2  

6 .0029E-01 - 1 . 5 2 4 7 1 - 0 2  

6.015111-01 -1.2501LE-02 

6 .0247] i -01  - 9 . ? 0 3 6 1 - 0 3  

6 .0291Z-01  - 6 . 8 4 1 2 Z - 0 3  

6.0271]1-01 - 4 . 1 0 1 8 ] i - 0 3  

6 .01931-01  - 1 . 7 0 8 3 Z - 0 3  

6 .0075R-01 1 . 8 9 0 ~ - 0 4  

5 .9938Z-01  1 . 5 5 7 ~ - 0 3  

5 .9801 ] i -01  2 . 4 5 7 4 Z - 0 3  

5 .96741 -01  2 . 9 9 0 m I - 0 3  

5 .9S63X-01 3 .2615 ] i - 03  

5.946"7B-01 3 . 3 5 5 8 1 - 0 3  

5 .93871 -01  3 .3374Z -03  

5.93201¢-01 3 . 2 5 0 9 1 - 0 3  

5 .9264K-01  3 ,1257K-03  

5 .92171 -01  2.981011-03 

5 .9178Z-01  2 . 8 2 8 8 1 - 0 3  

7 .6532Z-01  - 3 . 7 5 5 8 1 - 0 2  

-1 .8171Z-01  -1.419"7X-02 

9 .7965Z-02  1 .6603K-02  

-6 .5309E-02  - 1 .6892K-02  

4.774"/Z-02 1 .6855K-02  

-3 .6S13Z-02  - 1 . 6 6 4 4 E - 0 2  

2.851"7Z-02 1 .6215S-02  

-2 .2466 ] i - 02  - 1 . 5 5 3 2 1 - 0 2  

1 .7758Z-02  1.461~1~-02 

- 1 . 4 0 7 2 Z - 0 2  - 1 . 3 5 3 6 ~ - 0 2  

1 .1196Z-02  1 .23801 -02  

-8 .9629E-03  - 1 . 1 2 2 7 K - 0 2  

7 .2338B-03  1 .0132X-02  

-5 .8932K-03  - 9 . 1 2 6 0 E - 0 3  

4 .8492K-03  8 .2215S-03  

- 4 . 0 3 0 3 X - 0 3  - 7 . 4 1 8 3 X - 0 3  

3.382k'w-03 6 .7099X-03  

-2.86s6]r . -03 - 6 . 0 8 7 3 z - 0 3  

2 . 4 4 8 8 z - 0 3  5 .$403X-03  

- 2 .1097K-03  -5 .0593K-03  
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T a b l e  2 First 20  e igenquan t i t i es  I-/~,, ~,(/~k, 1 ), ~ , (# , ,  1 ), N,,  and f , ]  fo r  a c i rcu lar  duc t  fo r  a * = 0 . 0 0 1  

b * = 2  

k #, ~,(/~,, 1 ) ~',(#,, 1 ) N ,  f ,  

1 1 . E 1 0 ~ + 0 0  6 . 2 1 9 1 ~ - 0 1  

2 3 . 9 1 | 5 1 + 0 0  6 .  309(W,-01 
I 

3 S .6040~+00  4 . 4 3 6 9 ~ - 0 1  

4 9.  4035~+00 3 . 4 0 8 0 ~ - 0 1  

5 1 . 2224E+01 2 . 80i65]11-01 

6 1.5051];+01 2 .41081-01  

7 1.7879E+01 2 .1281~-01  

8 2.0708Z+01 1.g158K-01 

9 2.3538K+01 1.7487R-01 

10 2.63671,+01 1.6135E-01 

11 2.91971+01 1.S01m~-01 

12 3 . 2 0 2 ~ + 0 1  1.40701L01 

13 3.4851;~+01 1 . 3 2 6 0 E - 0 1  

14 3.7685][+01 1.255(;R-01 

15 4.0514K+01 1.1938R-01 

16 4.3344Z+01 1 .1390E-01 

17 4 . 6 1 7 3 ~ + 0 1  1 . 0 9 0 1 R - 0 1  

18 4.  9002/.+01 1 .0460E-01 

19 5.1831~-I-01 1 .0062~-01  

20 5.41Sl~0~+01 9 .  698"rE-02 

2 . 1 5 9 3 1 - 0 1  - 4 .  953~B-01 

-4 .77) .8~-01  2 .  IS2il4E-01 

4 .09411 -01  - 1 . 1 7 5 2 ~ - 0 1  

- 3 . 5 5 0 1 ~ - 0 1  7 .  327em-02 

3 .  2 0 0 ~ - 0 1  - 5 .  $449B-02  

- 2 .  954il]1-01 4 .21 i l 9B -02  

2. 7693B-01 - 3 .  49071-02 

- 2 .  6221~-01 2. 9800Z-02 

2 . 5 0 2 5 E - 0 1  - 2 .  6 0 1 & l - 0 2  

- 2 . 4 0 1 5 ] 1 - 0 1  2 . 3 0 9 1 R - 0 2  

2 .  3 1 5 0 r - 0 1  - 2 .  071;5~-02 

- 2 .  2396B-01 1 . 8 8 ~ 9 ~ - 0 2  

2 .17321 -01  - 1 .  7293~-02 

-2 .1139E-01  1.  5962~-02 

2.  0605u-01 - 1 .  482"m-02 

-2.012211;-01 1. 383a~-02 

1 . 96801-01 - 1 .  29741[-02 

- 1 .  9275K-01 1 .2213~-02  

1.  8901E-01 -1.153"rJ~-02 

- 1 . 8 5 5 4 ~ - 0 1  1 .09321 -02  

- 9 . 9 0 7 2 ~ - 0 1  -4.318"71-01 

5 . 2 5 6 9 1 - 0 1  9.543"rE-01 

- 2 . 3 4 6 3 K - 0 1  -8.1881]r , -01 

1. 4655]1-01 ? • 1013R-01 

-1 • 0690Z-0Z - 6 .  4018E-01 

8 .4377E-02  5.  9097R-01 

-6 .9 i i141t -02 - 5 .  5387R-01 

5.96001t-02 5 .2452R-01 

-5 .  2028R-02 - 5 .  0049u-01 

4 . 6 1 8 2 1 - 0 2  4 .8030E-01 '  

-4 .1531R-02  - 4 .  63001-01 

3 .  7739Z-02 4.  4793R-01 

-3 .  458 "~ -02  -4.34t~3]1-01 

3 .1924R-02 4.  2278~-01 

-2  . 9646Z-02 -4  . 1211,11-01 

2 .  7673K-02 4.  0243]1-01 

- 2 .  5947E-02 - 3 .  9360R-01 

2 .4421~ -02  3 .85501 -01  

-2  . 30741-02 -3  . 7801R-01 

2 . 1 8 6 4 u - 0 2  3 .  710:1~-01 

2.201i iR-01 - 1 .  33501-01 

9. 8972Z-02 - 7 .  371S3Z-03 

5 . 4 4 0 0 Z - 0 2  - 9 .  3784~-04 

3 .  7 7 3 9 1 - 0 2  - 3 .  4859B-04 

2 . l i9481L02 -1  . 7607R-04 

2.  3491K-02 -1 .  0294R-04 

Z . 9769u-02 - 6 .  5959E-05 

1.  7066Z-02 -4 . 501S9~-05 

1 .50141-02  -3 .2305R-05  

1 .3403u -02  -2  . 4031~-0S 

1 .2104K-02 - 1 .  8414E-05 

1.10351t-02 - 1 .  445 (~ -05  

1. 0140E-02 - 1 . 1 5 8 0 ~ - 0 5  

9.3787]1-03 - 9 .  435(i~-06 

8.7240]r.-03 -7 .  8019~-06 

I1.1547R-03 - 6 . 5 3 3 3 ~ - 0 6  

7.  I ;552z-03 -5 .5321]1-06 

7.2133]1-03 - 4 . 7 3 0 3 ~ - 0 6  

6.819"/R-03 -4.080],11-06 

6 .46681-03  -3 ,546au-0(s  

3.4341m-01 

-5 .  0711E-02 

7 .  8085E-03 

- 2 .  2314R-03 

9.1073]1-04 

- 4 .55" /2K-04  

2.5954Z-04  

- 1 .  ~157B-04 

1 .  0731]1-04 

-7 .  40721-05 

S. 4300K-0S 

- 4 .  0627Z-05 

3.11B8]~-05 

-2 .44611. -05 

1.  9540E-05 

-1 .  Sll55E-05 

1 .3042X-05 

- 1 .  0857E-0S 

.1353E-06 

- 7 .  "/581/.-06 

- 1 . 1 6 1 4 ~ - 0 1  

- 4 .  705mL02 

1.  7809~-02 

- 7 .  8804B-03  

4 .  2 4 4 9 1 - 0 3  

- 2 . 5 9 5 1 1 - 0 5  

Z. 7268Z-03 

- 1 .  2203r -03  

9. 0111111L04 

- 6 .  9000R-04 

5.4262]r , -04 

- 4 .  3638E-04 

3.  $753R-04 

- 2 .  9755]~-04 
i 

2 .5097E-04 

- 2 . 1 4 1 4 ] 1 - 0 4  

1 .  845"ni-04 

- 1 .  6050R-04 

1.401~8u-04 

- 1 .  24151-04 

b * = 1 0  

k #,  ~k(#*, 1 ) ~'~(#,, 1 ) N ,  f ,  

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

1 1.9014Z+00 

2 4.685m1+oo 

3 7.47341+00 

1.  0254]~+01 

1. 3021~+01 

1. 5792]g+01 

1. 8553Z+01 

2 . 1 3 1 2 ~ + 0 1  

2. 4073K+01 

2.  IS840~+01 

2. 9613K+01 

3. 2394K+01 

3.  S181u+01 

3.  7975]~+01 

4.  0774Z-I-01 

4.  357mi+01 

4 .  638'm÷01 

4 .  919 (~+01  

5 .  2009~+01 

5. 4824Z+01 

1.  4205E-01 

2.  56771-01 

3 .  490711-01 

4.  27831-01 

4 .  94541-01 

5 .  4 8 5 5 1 - 0 1  

5 .  887iDi-01 

6 . 1 4 7 4 ] i - 0 1  

6. 27371i-01 

6 .2878E-01 

G. 2178E-01 

6 , 0 9 1 1 ] i - 0 1  

S, 93041:-01 

5 .  752(~-01  

5 ,56871 -01  

5 .  38601-01 

5 ,2085~-01  

5 .  038 ~i l-01 

4.  8773E-01 

4.72SOE-01 

5 .  $520R-03 - 1 .  020~11-01 

- 1 .  7832Z-02 Z.3740R-01 

:3. 3334R-02 - 1 .  6161]1-01 

-5 .1B14E-02  1. 79751-01 

7.  $074B-02 -1 .  9252Z-01 

- 9. t;309E-02 1. 9952]1-01 

1 . 19971-01 - 2 .  0030~-01 

- 1 . 4 2 0 7 1 - 0 1  1. 95101-01 

1. 0083Z-01 - 1 .  85111-01 

- 1 . 7 5 2 9 1 - 0 1  1 .7212 ] i -01  

1. 8539K-01 -1 .  5790]1-01 

- 1 .  91701~-01 1. 4382Z-01 

1. 9506E-01 - 1 .  3069011:-01 

- 1 .  9630Z-01 1 , 1 8 8 ( ~ - 0 1  

1. 960EZ-01 -1 ,084]L~-01 

- 1 .  9485E-01 9, 92"/71-02 

1.  9303Z-01 - 9 , 1 3 1 2 1 - 0 2  

-1 .9082] i -Q1 8 , 4 3 6 ~ - 0 2  

1.  8841K-01 -7 .  82921-02 

- 1 .  8590K-01 7 .29611 -02  

-1 .  020111+00 -5 .3520R-02  

1.374GB+00 1 .7832R-01 

- 1 .  6161]1+00 - 3 .  33341-01 

1.7975E+00 5 .1814R-01 

-1 .  9252E+00 - ? .  30761-01 

1. 99521+00 9.6309R-01 

- 2 .  0030Z+00 -1 .19971+00 

1.9510B+00 1.42071i+00 

-1 .  85111+00 - 1 .  60831+00 

1.7212]1+00 1.7S29]i+00 

-1 .  5790B-I-00 -1.8S39] i+00 

1. 4382K+00 1.  9170R+00 

-1 .  3069K+00 - 1 .  95061+00 

1.1118':u+00 1.  96501+00 

-1 .  0841E+00 - 1 .  9601Dr.+00 

9. 92771-01 1.  9485]i+00 

-9 .13121 -01  - 1 .  93031t-I-00 

8.  436(;Z-01 1,90112Z+00 

- 7 .  82921-01 -1,81114111+00 

7. 2961K-01 1,8590R+00 

1.11808]1-01 -2 .  33591-02 

7.4~01SZ-02 -6 .  92451-03 

4 .  7831~-02 -3 .  699~1;-03 

3.  5001E-02 - 2 . 3 7 9 1 - 0 3  

2 .  76501-02 -1 .  6551~-03 

2 .2874E-02  -1 .18 iS( ; I -03 

1 .9503Z-02  -8 .529 '71-04 

1.i69113E-02 - 6 . 0 7 1 5 ~ - 0 4  

1 . 502011:-02 -4 . 27241-04 

1 .3445Z-02  -2 .  990(i~-04 

1.215( ;Z-02 -2  . 10211~-04 

1 .1084Z-02  -1 .  • 990~-04 

1.  0182E-02 - 1 .  0905]1-04 

9.4142R-03 - 8 . 1 2 2 0 t - 0 5  

8.  7529Z-03 -6.1984]r . -05 

8.17BOZ-03 - 4 , 8 4 2 1 Z - 0 5  

7 . 6741Z-03 -3  , 86431-05 

7 .2287B-03  - 3 . 1 4 5 5 1 - 0 5  

S. 83221-03 - 2 .  6005~-05 

6 .4?711-03  - 2 . 1 8 3 0 1 - 0 5  

2 .  7 9 6 a i - 0 1  - 2 .  735711-02 

- 6 .  2913Z-02 - 1 .  2411R-03 

2 .  950"u -02  3 .  2431] i -03 

- 1 .  7418E-02 - 3 .  4852] i -03 

1 .1624E-02 3 .43051 -03  

- 8 .  23971-03 - 3 .  29441-03 

6. 02271-05 3 . 1069~.-03 

- 4 .  4651]g-03 -2,11731B-03 

3.  3522Z-0J 2 .  iS0371-03 

-2 .4992]1-03  - 2 .  31791-03 

1 .8869 i i - 03  2 ,0359E-03 

- 1 . 4 3 7 8 Z - 0 3  - 1 .  7735m-03 

1 .1081Z-03  1.  53921-03 

-8  . 648i;Z-04 -1  . 3354m-03 

6. 83931-04 1.1609m-03 

-5  . 4781W-04 -1  . 0127E-03 

4.443"7E-04 8 ,8730Z-04  

-3. 64621-0& -7  . 81108-04 

3.  0243Z-04 6.  9097Ji-04 

- 2 .  5335] i -04 -6 .1419K-04  
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Figure I Wall temperature as a function of time at various values 
of b*  in a circular duct at Z = 0 . 0 2  and a*=0 .001  
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Figure 2 Wall temperature as a function of time at various axial 
positions for a circular duct at b * =  1 and a*=0 .001  

capacity in the case of large b* is considered as the large thermal 
capacity of the wall for a given fluid. 

Figure 2 shows wall temperature as a function of time at 
various axial positions for a circular duct for b* = 1. As shown, 
the amplitude of the timewise variation of wall temperature 
decreases monotonically, and the phase lag increases with 
increasing axial distance. These trends are also associated with 
the wall heat capacity. In Figure 3(a) and (b), we present the 
amplitude for the wall temperature for a parallel-plate channel 
and a circular duct, respectively, for b*= 2, 5, 10, and 20, with 
the axial distance along the duct. For comparison, we plotted 

0.5 1 1.5 

Z = o.z/0ro 2) 

Figure 3(a) Amplitude for wall temperature as a function of axial 
distance in a aarallel-plate channel for various values of b*  and 
a* = 0.001 
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Figure 3(b) Amplitude for wall temperature as a funct ion of axial 
distance in a circular duct for various values of b*  and a* =0.001 

Int. J. Heat and Fluid Flow, Vol. 11, No. 4, December 1990 317 



Conjugated laminar forced convection in ducts: W. S. Kim and M. 

the results for the slug-flow profile. There is a pronounced 
difference between the results for the slug and parabolic velocity 
profiles for smaller values of b*. The parameter b* can be 
interpreted as the ratio of rate of energy storage at the wall to 
heat transfer by conduction across the fluid to or from the wall. 
For large values of b* the thermal wave has little penetration 
along the duct, because it decays rapidly with axial distance. 
Therefore oscillations in fluid temperature are damped within 
a short distance from the inlet because of the large thermal 
capacity of the walls; consequently, the wall temperature 
oscillation is drastically reduced. For small values of b*, the 
thermal wave penetrates farther along the duct, because, being 
small, the wall thermal capacity requires a longer distance to 
store the same amount of heat in the wall. Comparison with 
the results of slug flow clearly shows that the deviation increases 
with decreasing values of b*. 

Figure 4 shows bulk temperature as a function of time at 
various axial positions for a circular duct for b* = 1. Note that 
the amplitude of the timewise variation of bulk temperature 
decreases monotonically and that the phase lag increases with 
increasing axial distance, similar to the trends in the wall 
temperature for b*= 1. Figures 5(a) and (b) and 6(a) and (b) 
show amplitude for a parallel-plane channel and a circular duct 
and phase lag for a parallel-plate channel and a circular duct, 
respectively, for bulk temperature for b* = 2, 5, 10, and 20, with 
the axial distance along the duct. The results for slug flow are 
also shown for comparative purposes. Comparison of Figures 
5(a) and (b) and 3(a) and (b) shows that attenuation for the 
wall temperature is much stronger than that for the bulk 
temperature. 

In Figure 7 we present the amplitude variations, with the 
axial distance along the duct for wall heat flux, for a circular 
duct and the results for slug flow. For very small axial distances 
from the inlet, the amplitude of wall heat flux is larger with 
larger values of b*, because the temperature gradients are 
steeper owing to the pronounced attenuation in the wall 
temperature as shown in Figure 3(a) and (b). At large distances 
from the inlet, the amplitude of heat flux decreases with 
increasing b*. 

Figure 8 shows the variations of Nusselt number as a function 
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Figure 4 Bulk temperature as a funct ion of t ime at various axial 
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Figure 9 Effects of the parameter a* on phase lag of the bulk 
temperature for f low in a circular duct 

of time for Z = 0.1 and 1.0, at b* = 1 and a* = 0.001, for a circular 
duct. The sharp discontinuities (i.e., large differences at the 
discontinuity points) occur when wall and bulk temperatures 
are close but the heat flow is not zero. The Nusselt number is 
positive for the heat flux from the wall to the fluid with 0 b < Ow. 
At the instant when Ob becomes greater than 0w, the heat flow 
maintains its direction for a very short time, while 0 b > 0w, which 
implies a negative Nusselt number. Then, the heat flow changes 
direction, while 0 b > 0w, which implies a positive Nusselt number. 

We also examined the effects of the parameter a*, character- 
izing the ratio of heat capacities of fluid to that of the wall, on 
the amplitudes and phase lags of bulk temperature, wall 
temperature, and wall heat flux for both a parallel-plate channel 
and a circular duct. As pointed out by Sparrow and de Farias, 2 
for the flow of a gas in a duct with a metallic wall, the 
representative values of a* are much smaller than 1. Therefore, 

for the flow of a gas in a metallic duct, we chose the values of 
a* as 0.001, 0.005, and 0.01. As in the slug-flow case, the 
variation in a* has little effect on phase lag for small values of 
b*. For the values of a* considered here, the amplitudes are 
identical within the scale of Figure 9 for the bulk temperature, 
wall temperature, and wall heat flux. As a representative case, 
we present in Figure 9 the effects of a* on the phase lag of bulk 
temperature for flow in a circular tube for b*= 20. The results 
for slug flow show that it overestimates the phase lag. The 
phase lag increases with increasing axial distance and increasing 
a*. We can explain these observations by utilizing the definition 
of a*, which represents the ratio of the heat capacity of the 
fluid to that of the wall, For a given heat capacity of the wall, 
increasing a* represents increasing thermal capacity for the 
fluid, hence relatively large thermal storage in the fluid, which 
in turn delays the information reaching to both wall and fluid. 
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